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Abstract
To study the CP-violation using the K0−K0 oscillation, we need the kaon bag parameter which represents
QCD corrections in the leading Feynman diagrams. The lattice QCD provides us with the only way
to evaluate the kaon bag parameter directly from the first principles of QCD. However, a calculation of
relevant four quark operators with theoretically sound Wilson-type lattice quarks had to carry a numerically
big burden of extra renormalizations and resolution of extra mixings due to the explicit chiral violation.
Recently, the Small Flow-time eXpansion (SFtX) method was proposed as a general method based on the
gradient flow to correctly calculate any renormalized observables on the lattice, irrespective of the explicit
violations of related symmetries on the lattice. To apply the SFtX method, we need matching coefficients,
which relate finite operators at small flow-times in the gradient flow scheme to renormalized observables in
conventional renormalization schemes. In this paper, we calculate the matching coefficients for four quark
operators and quark bi-linear operators, relevant to the kaon bag parameter.
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I. INTRODUCTION
In the study of the CP-violation, the K0−K0 oscillation plays an important role. Here, to extract
Cabibbo-Kobayashi-Maskawa matrix elements in the leading Feynman diagrams for the K0 − K0
oscillation, we need to know the kaon bag parameter which represents QCD corrections in these
diagrams. The lattice QCD provides us with the only way to evaluate the non-perturbative value
of the kaon bag parameter directly from the first principles of QCD [1]. However, a calculation
of relevant four quark operators with theoretically sound Wilson-type lattice quarks had to carry a
numerically big burden of extra renormalizations and resolution of extra mixings, required mainly
due to the explicit violation of the chiral symmetry by the Wilson quarks at non-zero lattice
spacings [2–11].
Recently, a series of new methods based on the gradient flow introduced various advances in
lattice QCD [12–22]. Among them, we adopt the Small Flow-time eXpansion (SFtX) method,
which is a general method to correctly calculate any renormalized observables on the lattice [18,
19, 23–25]. The method has been applied to calculate the energy-momentum tensor, which is the
generator of the continuous Poincaré transformation and thus is not straight-forward to evaluate on
discrete lattices. From test studies around the deconfinement transition temperature in quenched
QCD [26–28] and in 2+1 flavor QCD with improvedWilson quarks [29–33], it was shown that the
results of the energy-momentum tensor by the SFtX method correctly reproduce previous results
of the equation of state estimated by the conventional integral methods.
Because the method is applicable also to observables related to the chiral symmetry, we may
apply the method to cope with the difficulties of Wilson-type quarks associated with their explicit
chiral violation. Theoretical basis to study fermion bi-linear operators in the SFtXmethod is given
in [25]. The method was applied to compute the disconnected chiral susceptibility in 2 + 1 flavor
QCD with improved Wilson quarks [29]. It was shown that the chiral condensates bend sharply
and the disconnected chiral susceptibilities show peak at the pseudo-critical temperature. The
method was further applied to compute topological susceptibilities using the gluonic and fermionic
definitions [30]. In the continuum, the two definitions should lead to the same results thanks to a
chiral Ward-Takahashi identity, but, they are largely discrepant with conventional lattice method at
non-zero lattice spacings. With the SFtX method, the two definitions are shown to agree well with
each other even at a finite lattice spacing [30]. These suggest that the SFtX method is powerful in
calculating correctly renormalized observables.
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In this paper, we extend the SFtX method to the study of four fermi operators. As the first step
of the study, we concentrate on the issue of the kaon bag parameter,
BK =
〈K0 | O∆S=2 |K0〉
8
3
〈0| s γLµ d |K0〉2 , (I.1)
where γLµ := γµ (1 − γ5)/2, and
O∆S=2 = (s γLµ d)(s γLµ d) (I.2)
is the ∆S = 2 four quark operator. In a conventional lattice calculation with Wilson-type quarks,
due to the violation of the chiral symmetry, this four quark operator is contaminated by other
operators which have the same parity and different chirality: O∆S=2
Ren.
= ZO∆S=2 +
∑
i ZiOi . Precise
evaluation of the renormalization and mixing coefficients is computationally demanding [34]. In
a real scalar field theory, the gradient flow was shown to avoid the issue of operator mixing [35].
See also recent studies [36–39]. We thus expect that the SFtX method will drastically simplify the
calculation of four quark operators in QCD1.
The gradient flow is a modification of bare fields according to flow equations driven by the
gradient of an action. It is shown that the operators constructed by flowed fields (“flowed operators”)
are free from UV divergence and also from short-distance singularities at non-zero flow-time t >
0 [15]. The SFtX method [18, 19, 23–25] is based on the expansion of flowed operators at small t
in terms of renormalized operators at t = 0 in a conventional renormalization scheme, say the
MS scheme [15]. The coefficients relating both operators are called the matching coefficients.
Because the renormalization scale for flowed operators can be taken to be proportional to 1/√t, in
asymptotically free theories such as QCD, we can calculate the matching coefficients at small t by
perturbation theory. In this paper, we perform one-loop calculation of the matching coefficient for
the ∆S = 2 four quark operator (I.2).
This paper is organized as follows: In Sec. II, we introduce the gradient flow and the dimensional
reduction scheme we adopt. As shown in Eq. (I.1), the kaon bag parameter consists of a four quark
operator and a quark bi-linear operator in the denominator. We study the matching coefficients for
four quark operators in Sec. III, and those for quark bi-linear operators in Sec. IV. Our final result
of the matching coefficient for the kaon bag parameter is given in Sec. V.
1 See Refs. [40, 41] for a different approach using twisted mass Wilson-type quarks.
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II. FORMULATION
A. Gradient flow
In this section, we introduce the gradient flow with the background field method [24], which
simplifies perturbative calculations of renormalization factors. Our conventions for the gauge
group factors and Casimirs are as follows: We normalize the gauge group generators by
Tr(TaT b) = −T δab, [Ta,T b] = f abcT c, (II.1)
where f abc is the structure constant. The anti-Hermitian matrices Ta satisfy
TaTa = −CF1l. (II.2)
For the fundamental representation of SU(N), T = 1/2, dim(R) = N , and CF = (N2 − 1)/2N .
We first decompose the gauge field Aµ and quark field ψ into background fields and quantum
fields as
Aµ(x) = Aˆµ(x) + aµ(x), (II.3)
ψ f (x) = ψˆ f (x) + p f (x), (II.4)
ψ f (x) = ˆψ f (x) + p f (x), (II.5)
where f = 1, 2, · · · , N f is for the flavor, Aˆµ, ψˆ f , ψˆ f are background fields, and aµ, p f , p f are their
quantum fields, respectively.
The flow equations we adopt are basically the simplest ones as proposed by Lüscher [14, 16].
The gradient flow drives the fields, Aˆµ, ψˆ f ,
ˆ
ψ f , aµ, p f , and p f , into their flowed fields, Bˆµ, χˆ f , χˆ f ,
bµ, k f , and k f , respectively [24]. Flow equations for the background fields are given by
∂t Bˆµ(t, x) = DˆνGˆνµ(t, x), Bˆµ(t = 0, x) = Aˆµ(x), (II.6)
∂t χˆ f (t, x) = Dˆ2 χˆ f (t, x), χˆ f (t = 0, x) = ψˆ f (x), (II.7)
∂t χˆ f (t, x) = χˆ f (t, x)
←ˆ−
D
2
, χˆ f (t = 0, x) = ˆψ f (x). (II.8)
In this paper, we set the gauge parameter α0 in Ref. [24] to unity, α0 = 1. Then, the flow equations
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for the quantum fields are given by
∂tbµ(t, x) = Dˆ2bµ(t, x) + 2[Gˆµν(t, x), bν(t, x)] + Rˆµ(t, x), bˆµ(t = 0, x) = aˆµ(x), (II.9)
∂t k f (t, x) =
{
D2 − Dˆµbµ(t, x)
}
k f (t, x) +
{
2bµ(t, x)Dˆµ + b2(t, x)
}
χˆ f (t, x),
k f (t = 0, x) = p f (x), (II.10)
∂t k f (t, x) = k f (t, x)
{←−
D2 + Dˆµbµ(t, x)
}
+ χˆ f (t, x)
{
−2←ˆ−D µbµ(t, x) + b2(t, x)
}
,
k f (t = 0, x) = p f (x), (II.11)
where we define
Gˆµν(t, x) = ∂t Bˆν(t, x) − ∂t Bˆµ(t, x) + [Bˆµ(t, x), Bˆν(t, x)], (II.12)
Dˆµ = ∂µ + [Bˆµ(t, x), · ], (for gauge fields) (II.13)
Dˆµ = ∂µ + Bˆµ(t, x), (for quark fields) (II.14)
Rˆµ(t, x) = 2[bν(t, x), Dˆνbµ(t, x)] − [bν(t, x), Dˆµbν(t, x)]
+
[
bν(t, x),
[
bν(t, x), bµ(t, x)
] ]
. (II.15)
In this paper, we set the background gauge field to zero and the background quark fields to
constant. Then, the solution of the flow equations for the background fields is given by
Bˆ(t, x) = Aˆ(x) = 0, (II.16)
χˆ f (t, x) = ψˆ f (x) = (const.), (II.17)
χˆ f (t, x) = ˆψ f (x) = (const.). (II.18)
Taking the solution of the background fields into account, the flow equations for the quantum fields
can be simplified as
∂tbµ(t, x) = ∂2bµ(t, x) + Rˆµ(t, x), bˆµ(t = 0, x) = aˆµ(x), (II.19)
∂t k f (t, x) =
{
D2 − ∂µbµ(t, x)
}
k f (t, x) +
{
2bµ(t, x)∂µ + b2(t, x)
}
ψˆ f (t, x),
k f (t = 0, x) = p f (x), (II.20)
∂t k f (t, x) = k f (t, x)
{←−
D2 + ∂µbµ(t, x)
}
+
ˆ
ψ f (t, x)
{
−2←−∂ µbµ(t, x) + b2(t, x)
}
,
k f (t = 0, x) = p f (x), (II.21)
with
Rˆaµ(t, x) = 2 f abcbbν(t, x)∂νbcµ(t, x) − f abcbbν(t, x)∂µbcν(t, x) + f abc f cdebbν(t, x)bdν (t, x)beµ(t, x).
(II.22)
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Formal solution of the flow equations for the quantum fields is given by
baµ(t, x) = et∂
2
aaµ(x) +
∫ t
0
ds e(t−s)∂
2
Rˆaµ(s, x), (II.23)
k f (t, x) = et∂
2
p f (x)
+
∫ t
0
ds e(t−s)∂
2 {
2bµ(s, x)∂µ + b2(s, x)
} {
es∂
2
ψˆ f (x) + k f (s, x)
}
, (II.24)
k f (t, x) = p f (x) et
←−
∂
2
+
∫ t
0
ds
{
ˆ
ψ f (x) es
←−
∂
2
+ k f (s, x)
} {
−2←−∂ µbµ(s, x) + b2(s, x)
}
e(t−s)
←−
∂
2
. (II.25)
In one-loop calculations discussed in this paper, we can disregard the O(14
0
) terms in the
propagators. Thus, the propagator between b(t, ℓ) and b(s, ℓ) can be simplified as
Gabµν(t, s; ℓ) ∼ e−(t+s)ℓ
2
Gabµν(ℓ) (one-loop), (II.26)
where
baµ(t, ℓ) =
∫
dDx baµ(t, x)e−iℓ·x (II.27)
is the quantum gauge field in the momentum space and Gabµν(ℓ) is the gluon propagator at t = 0
with momentum ℓ,
Gabµν(ℓ) = 120
1
ℓ2
δabδµν . (II.28)
Similarly, the solution for quantum quark fields k f and k f can also be simplified as
k f (t, x) ∼ et∂
2
p f (x) +
∫ t
0
ds e(t−s)∂
2
(
b2(s, x)ψˆ f + 2bµ(s, x)∂µes∂
2
p f (x)
)
, (II.29)
k f (t, x) ∼ p f (x) et
←−
∂ 2
+
∫ t
0
ds
(
ˆ
ψ f b
2(s, x) − 2p f (x) es
←−
∂ 2←−∂ µbµ(s, x)
)
e(t−s)
←−
∂ 2, (II.30)
in one-loop calculations.
Because quark masses and external momenta appear as tm2
0
and tp2 in the matching coefficients,
their dependence appear in higher orders of the flow-time t. Here, we set all quark masses and all
external momenta of the four quark operators to zero for simplicity.
B. Dimensional reduction scheme
In the calculation of four quark operators, we use the Fierz rearrangement to organize the spinor
indices. Because the Fierz rearrangement is defined for 4×4Hermitianmatrices, we have to restrict
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the spinor indices in the operator to run in the four dimensional space-time. In the dimensional
regularization using the D = 4 − 2ǫ dimensional space-time, we thus impose that only the internal
loop momenta are reduced to the D = 4 − 2ǫ dimensional space-time, while the other Lorentz
indices run in four dimensional Lorentz space-time. This procedure is called the dimensional
reduction scheme [42].
We denote the gamma matrices in four dimension as γµ, and the gamma matrices in D dimen-
sional space-time as γµ. Denoting the remaining part as γ˜µ, the four dimensional gamma matrices
are decomposed as
γµ = γµ + γ˜µ, (II.31)
γµ =

γµ (1 ≤ µ ≤ D),
0 (D < µ ≤ 4),
(II.32)
γ˜µ =

0 (1 ≤ µ ≤ D),
γµ (D < µ ≤ 4).
(II.33)
The anti-commutation relation between γµ and γν can be calculated as{
γµ, γν
}
=
{(
γµ + γ˜µ
)
, γν
}
= 2δµν, (II.34)
where the δµν means the Kronecker delta in D dimension. The other relations can be calculated
similarly, e.g.,
γµγνγµ = −Dγν + 2γν, (II.35)
γµγνγµ = −2γν . (II.36)
Finally, we define the γ5 matrix which anti-commutes with all the gamma matrices in this
scheme: {
γ5, γµ
}
= 0, (II.37){
γ5, γµ
}
= 0, (II.38){
γ5, γ˜µ
}
= 0. (II.39)
We construct four quark operators with γµ and γ5, but the internal quark propagators contain γµ
only.
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FIG. 1. One-loop Feynman diagrams for the quark field renormalization factor ϕ(t). See Ref. [19] for the
Feynman rule.
C. Quark field renormalization
It is known that, with the simple gradient flow driven by the pure gauge action as we adopt, quark
field renormalization is required to keep the flowed fields finite [16]. Here, to avoid complications
due to the matching between the lattice and dimensional regularization schemes, we adopt the
quark field renormalization proposed in Ref. [19], in which the renormalized quark fields at t > 0
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(“ringed quark fields”) are given by
χ˚ f (t, x) =
√√ −2 dim(R)
(4π)2t2
〈
χ f (t, x)γµ
←→
D µχ f (t, x)
〉 χ f (t, x) := ϕ1/2(t) χ f (t, x). (II.40)
Note that the summation of the flavor index is not taken in this expression. Because we treat all
quarks massless, the renormalization factor ϕ(t) is independent of f .
In Ref [19], ϕ(t) has been calculated to the one-loop order of the perturbation theory with the
dimensional regularization scheme. We revisit the calculation and compute ϕ(t) with the dimen-
sional reduction scheme (DRED). Feynman diagrams relevant to the quark field renormalization
are listed in Fig. 1. See Ref. [19] for the Feynman rule we adopt. The diagrams mean
D02 :
∫
ℓ,p
(−ipµ)e−2tp2SFν(p)SFρ(p − ℓ)SFσ(p)Gabαβ(ℓ)TaT btr
[
γµγνγαγργβγσ
]
, (II.41)
D03 :
∫ t
0
ds
∫
ℓ,p
(−ipµ)e−(t−s)p2e−s(p−ℓ)2e−tp2SFν(p)SFσ(p − ℓ)
× (−2i(p − ℓ)λ)Gabρλ(s, 0; ℓ)TaT btr
[
γµγνγργσ
]
, (II.42)
D04 :
∫ t
0
ds
∫ s
0
du
∫
ℓ,p
(−ipµ)SFν(p)e−(t−s)p
2
e−(s−u)(p−ℓ)
2
e−up
2
e−tp
2
× (−2i(p − ℓ)ρ)(−2ipλ)Gabρλ(s, u; ℓ)TaT btr
[
γµγν
]
, (II.43)
D05 :
∫ t
0
ds
∫ t
0
du
∫
ℓ,p
(−ipµ)SFν(p − ℓ)e−(t−s)p
2
e−(t−u)p
2
e−(s+u)(p−ℓ)
2
× (−2i(p − ℓ)ρ)(2i(p − ℓ)σ)Gabρσ(s, u; ℓ)TaT btr
[
γµγν
]
, (II.44)
D06 :
∫ t
0
ds
∫
ℓ,p
(−ipµ)SFν(p)e−(t−s)p2e−sp2e−tp2Gabρρ(s, s; ℓ)TaT btr
[
γµγν
]
, (II.45)
D07 :
∫
ℓ,p
e−tp
2
e−tℓ
2
e−t(p+ℓ)
2
SFρ(p)SFλ(p + ℓ)Gabµν(t, 0; ℓ)TaT btr
[
γµγργνγλ
]
, (II.46)
D08 :
∫ t
0
ds
∫
ℓ,p
e−(t−s)p
2
e−(t+s)(p+ℓ)
2 (−2i(p − ℓ)ρ)SFν(p + ℓ)Gabµρ(t, s; ℓ)TaT btr
[
γµγν
]
,
(II.47)
where
∫
ℓ,p
=
∫
ℓ
∫
p
with
∫
ℓ
:=
∫
dDℓ/(2π)D, and
SFµ(ℓ) = −i
ℓµ
ℓ2
, (II.48)
Gabµν(t, s; ℓ) = 120e−(t+s)ℓ
2 1
ℓ2
δabδµν . (II.49)
Carrying out the computations similar to those given in Ref. [19], we find that the diagrams
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contribute as
D02|DRED : −1
ǫ
− 2 log(8πt) − 1, (II.50)
D03|DRED : 2
1
ǫ
+ 4 log(8πt) + 2 + 4 log(2) − 2 log(3), (II.51)
D04|DRED : −20 log(2) + 16 log(3), (II.52)
D05|DRED : 12 log(2) − 5 log(3), (II.53)
D06|DRED : −41
ǫ
− 8 log(8πt) − 4, (II.54)
D07|DRED : 8 log(2) − 4 log(3), (II.55)
D08|DRED : −2 log(3), (II.56)
in unit of
−2 dim(R)
(4π)2t2
12
0
(4π)2 CF . (II.57)
Collecting these contributions, we obtain the quark field renormalization factor in the dimen-
sional reduction scheme,
ϕ(t)DRED = (8πt)−ǫ
{
1 +
12(µ)
(4π)2 CF
(
3
ǫ
+ 3γE + 3 log (2tµ2) + 3 − log (432)
)}
, (II.58)
wherewe have replaced the bare gauge coupling 10 by the dimension-less 1(µ) using the prescription
of the MS scheme [43],
120 =
(
µ2
eγE
4π
)ǫ
12(µ) [1 + O(12(µ))] , (II.59)
with γE the Euler-Mascheroni constant. Since ϕ(t) is defined in terms of the expectation value of
bare fields in Eq. (II.40), it is independent of the renormalization scale µ. We may thus choose any
value for µ in the expressions above, provided that the perturbative expansions are well converged.
Some conventional choices for µ are µd = 1/
√
8t [14] and µ0 ≡ 1/
√
2eγE t [32].
III. FOUR QUARK OPERATORS
In this study, we consider four quark operators of the form
O± =
[ (
ψ1γ
L
µψ2
) (
ψ3γ
L
µψ4
)
±
(
ψ1γ
L
µψ4
) (
ψ3γ
L
µψ2
)]
, (III.1)
where the subscripts 1, · · · , 4 are for the flavor of the quark fields. We assume that these four
flavors fulfill 1 , 2, 2 , 3, 3 , 4, and 4 , 1, to avoid closed quark loops within the four quark
operator. For the calculation of BK , the case 1 = 3 , 2 = 4 is relevant.
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We denote the background part of O± as
Oˆ± =
[(
ˆ
ψ1γ
L
µ ψˆ2
) (
ˆ
ψ3γ
L
µ ψˆ4
)
±
(
ˆ
ψ1γ
L
µ ψˆ4
) (
ˆ
ψ3γ
L
µ ψˆ2
)]
. (III.2)
We then denote flowed four quark operators as
O±(t) =
[(
χ1γ
L
µ χ2
) (
χ3γ
L
µ χ4
)
±
(
χ1γ
L
µ χ4
) (
χ3γ
L
µ χ2
) ]
, (III.3)
and their renormalized ones in terms of the ringed quark fields as
O˚±(t) =
[(
χ˚1γ
L
µ χ˚2
) (
χ˚3γ
L
µ χ˚4
)
±
(
χ˚1γ
L
µ χ˚4
) (
χ˚3γ
L
µ χ˚2
) ]
. (III.4)
Since the tree level contributions of the flowed and bare operators are the same,
〈O±(t)〉1PI |tree = Oˆ± (for t → 0), (III.5)
〈O±〉1PI |tree = Oˆ±, (III.6)
we can write the small flow-time expansion for O±(t) as,
O±(t) = (1 + IGF± (t)) O± + O(t), (III.7)
where we put the vertex correction as IGF± (t). To compute the IGF± (t), it is convenient to consider
one-particle irreducible vertex correction ofO±(t)−O±, because, with the background fieldmethod,
the vertex correction is proportional to the background part of the operator:
〈O±(t) − O±〉1PI = IGF± (t) 〈O±〉1PI
= IGF± (t) Z−1O±Oˆ± ∼ IGF± (t) Oˆ± (one-loop). (III.8)
In the second line of Eq. (III.8), we used the fact that the vertex correction IGF± (t) is O(120). From
these relations, renormalized operators at small-t are then given by
O˚±(t) = (1 + IGF± (t))
(
ϕDRED(t)
)2
O± + O(t). (III.9)
We now consider renormalized four quark operators in the MS scheme with the dimensional
reduction,
O
MS;DRED
± = Z
MS;DRED
O±
(
Z
MS;DRED
ψ
)2
O± (III.10)
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where ZMS;DRED
O±
and ZMS;DRED
ψ
are renormalization factors for the four quark operator O± and for
the quark field ψ(x), respectively. Combining these relations, we obtain the one-loop expression
for the matching coefficient ZGF→MS;DRED(t) to compute OMS;DRED± from O˚±(t) in the t → 0 limit:
O
MS;DRED
± = lim
t→0
Z
GF→MS;DRED
O±
(t) O˚±(t), (III.11)
Z
GF→MS;DRED
O±
(t) =
Z
MS;DRED
O±
(1 + IGF± (t))
©­«
Z
MS;DRED
ψ
ϕDRED(t)
ª®¬
2
. (III.12)
The renormalization factor ϕDRED(t) is given by Eq. (II.58). We calculate IGF± (t), ZMS;DREDO± , and
Z
MS;DRED
ψ
in the following subsections.
A. Calculation of IGF± (t)
FIG. 2. One-loop 1PI diagrams for four quark operators with zero external momentum in the gradient flow
scheme.
Setting all the external momenta to zero, we find that five diagrams shown in Fig. 2 contribute
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to 〈O±(t) − O±〉1PI in the one-loop order. Concrete forms of the diagrams are given by
(a) :
∫ t
0
ds
∫
ℓ
[(
ˆ
ψ1 γ
L
σγρV
a
µ ψˆ2
) (
ˆ
ψ3 γ
L
σγλV
b
ν ψˆ4
)
± {Fierz}
]
(−2ℓ2)e−2sℓ2SFρ(ℓ)SFλ(−ℓ)Gabµν(ℓ),
(III.13)
(b) :
∫ t
0
ds
∫
ℓ
[(
(ψˆ1 Vaµ γργLσ ψˆ2
) (
(ψˆ3 γLσγλV bν ψˆ4
)
± {Fierz}
]
(−2ℓ2)e−2sℓ2SFρ(ℓ)SFλ(ℓ)Gabµν(ℓ),
(III.14)
(c) :
∫ t
0
ds
∫
ℓ
[(
( ˆψ1 Vaµ γργLσγλV bν ψˆ2
) (
( ˆψ3 γLσ ψˆ4
)
± {Fierz}
]
(−2ℓ2)e−2sℓ2SFρ(ℓ)SFλ(ℓ)Gabµν(ℓ),
(III.15)
(d) : 2
∫ t
0
ds
∫
ℓ
[(
(ψˆ1 γLσ(−i)ℓµTaγνV bρ ψˆ2
) (
(ψˆ3 γLσ ψˆ4
)
± {Fierz}
]
e−sℓ
2
SFν(ℓ)Gabµρ(s.0; ℓ),
(III.16)
(e) :
∫ t
0
ds
∫
ℓ
[(
( ˆψ1 γLσTaT b ψˆ2
) (
( ˆψ3 γLσ ψˆ4
)
± {Fierz}
]
Gabµµ(s, s; ℓ), (III.17)
where
Vaµ = γµT
a (III.18)
is the quark-gluon vertex, and the symbol {Fierz}means the Fierz partner of each original operator,
i.e., (
ψˆ1V
Aψˆ2
) (
ψˆ3V
Bψˆ4
)
± {Fierz} :=
(
ψˆ1V
A ψˆ2
) (
ψˆ3V
Bψˆ4
)
±
(
ψˆ1V
Aψˆ4
) (
ψˆ3V
Bψˆ2
)
.
(III.19)
with V A and V B some combinations of γµ, T
a, etc.
1. Contribution of diagrams c, d and e
We first evaluate the diagrams (c), (d) and (e) of Fig. 2. The calculation is similar to those for
fermion bi-linear operators discussed in Ref. [25]. The main difference comes from O(ǫ) term
called the evanescent operator, which is a byproduct of the dimensional reduction scheme [44, 45].
The spinor factor of the diagram (c) is calculated as,(
γµγργ
L
σγργµ
)
αβ
(
γLσ
)
γδ
= 2D
(
γLσ
)
αβ
(
γLσ
)
γδ
− 4
(
γLσ
)
αβ
(
γLσ
)
γδ
. (III.20)
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The new Dirac structure (γLσ)αβ(γLσ)γδ must be removed appropriately to achieve the correct
physical operator. Then, we define the corresponding evanescent operator Eˆ [44, 45] by
Eˆ :=
(
γLσ
)
αβ
(
γLσ
)
γδ
− 4
D
(
γLσ
)
αβ
(
γLσ
)
γδ
. (III.21)
=
(
γ˜Lσ
)
αβ
(
γ˜Lσ
)
γδ
− ǫ
2
(
γLσ
)
αβ
(
γLσ
)
γδ
+ O(ǫ2). (III.22)
Because the remnant gammamatrices γ˜µ live in the 2ǫ dimensional space, we consider that the first
term of Eq. (III.22) is O(ǫ) and thus Eˆ itself is O(ǫ). For the diagram (c) of Fig. 2, we subtract DEˆ
from Eq. (III.20) to obtain(
γµγργ
L
σγργµ
)
αβ
(
γLσ
)
γδ
= D
(
γLσ
)
αβ
(
γLσ
)
γδ
. (III.23)
Note that the definition of evanescent operator links to a finite renormalization (or subtraction) of
four quark operators because of O(1/ǫ) UV divergences. Together with its Fierz partner, Oˆ± is
formed. The spinor factors for other diagrams can be calculated similarly.
The integrations over the internal momentum can be evaluated by the formula,∫
ℓ
1
ℓ2
e−tℓ
2
=
t1−D/2
(4π)D/2
Γ(D/2 − 1)
Γ(D/2) , (III.24)
where Γ(x) is the gamma function. We find that Eqs. (III.15)-(III.17) are evaluated as
(c) : −1
2
0
(4π)2CF
{
1
ǫ
+ log(8πt) + 1
}
Oˆ±, (III.25)
(d) : 1
2
0
(4π)2CF
{
1
ǫ
+ log(8πt) + 1
}
Oˆ±, (III.26)
(e) : −21
2
0
(4π)2CF
{
1
ǫ
+ log(8πt) + 1
}
Oˆ±. (III.27)
2. Contribution of diagrams a and b
We now evaluate the diagrams (a) and (b). The color indices in Eqs. (III.13) and (III.14) can
be handled using the relation.
Tai jT
a
kl = −T
(
δilδ jk −
1
dim(R)δi jδkl
)
. (III.28)
The complicated structure of the spinor indices in Eqs. (III.13) and (III.14) can be simplified using
the Fierz rearrangement,
(Λ1)αβ (Λ2)γδ = −
1
4
∑
ΓA
(
Λ1Γ
AΛ2
)
αδ
(
ΓA
)
γβ
(III.29)
ΓA =
{
1l, γ5, γµ, iγµγ5, σµν
}
, (III.30)
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where σµν =
i
2
[γµ, γν]. Using relations (II.35) and (II.36) of the dimensional reduction scheme,
we find
(a) :
(
γLσγργµ
)
αβ
(
γLσγργµ
)
γδ
= 4 D
(
γLσ
)
αδ
(
γLσ
)
γβ
= 4 D
(
γLσ
)
αβ
(
γLσ
)
γδ
, (III.31)
(b) :
(
γµγργ
L
σ
)
αβ
(
γLσγργµ
)
γδ
= 2 D
(
γLσ
)
αδ
(
γLσ
)
γβ
− 4
(
γLσ
)
αδ
(
γLσ
)
γβ
= D
(
γLσ
)
αβ
(
γLσ
)
γδ
− DEˆ = D
(
γLσ
)
αβ
(
γLσ
)
γδ
, (III.32)
where the evanescent operator defined by Eq. (III.21) is removed to obtain the second line
of Eq. (III.32).
Carrying out the integrations, we obtain the contributions of the diagrams (a) and (b) given by
(a) : −41
2
0
(4π)2
(
T
dim(R) ∓ T
) {
1
ǫ
+ log(8πt) + 1
}
Oˆ±, (III.33)
(b) : 1
2
0
(4π)2
(
T
dim(R) ∓ T
) {
1
ǫ
+ log(8πt) + 1
}
Oˆ±. (III.34)
3. Result for IGF± (t)
We now combine the results of Eqs. (III.25), (III.26), (III.27), (III.33), and (III.34), taking into
account the fact that there exist two different diagrams for each of the types (a), (b), and (c), while
four diagrams for each of the types (d) and (e). Note that, by removing the evanescent operator
defined by Eq. (III.21), the background fields are correctly combined to form the Oˆ±. Our result
for the coefficient IGF± (t) in front of the Oˆ± is given by
IGF± (t) = −6
12(µ)
(4π)2
(
T
dim(R) ∓ T + CF
) {
1
ǫ
+ γE + log(2tµ2) + 1
}
, (III.35)
where we have replaced 10 by 1(µ) using Eq. (II.59). From the definition of IGF± given in Eq. (III.7),
IGF± is independent of the renormalization scale µ. We may choose any value for µ provided that
the perturbative expansions are well converged.
B. MS renormalization factors Z
MS;DRED
ψ
and Z
MS;DRED
O±
The last pieces to be calculated are the renormalization factors for the quark field ψ(x) and
the four quark operator O± in the MS scheme with the dimensional reduction. See Ref. [46, 47]
for previous efforts to connect four quark operators in the MS scheme with those in the lattice
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FIG. 3. One-loop 1PI diagrams for four quark operators with zero external momentum in the MS scheme.
scheme. We again set the external momentum to zero, but introduce a gluon mass λ to regularize
the infrared divergences. Then, the gluon propagator Gabµν(ℓ) is given by
Gabµν(ℓ; λ) = 120
1
ℓ2 + λ2
δabδµν . (III.36)
A convenient formula in these calculations is∫
ℓ
1
(ℓ2)a(ℓ2 + λ2) =
1
(4π)D/2λ
D−2a−2Γ(D/2 − a)Γ(a + 1 − D/2)
Γ(D/2) . (III.37)
The renormalization factor ZDREDψ for the quark field is calculated via the self energy. Denoting
/p = pµγµ, we find〈
ψ(x)ψ(y)〉 = ∫
p
1
i/pe
ip·(x−y) − 120 CF
∫
p,q
1
i/pγµ
1
i/q
γµ
1
i/p
1
(p − q)2 + λ2 e
ip·(x−y),
=
∫
p
1
i/p
[
1 − 1
2
0
(4π)2CF
{
1
ǫ
− γE + log
(
4π
λ2
)
+
1
2
}]
eip·(x−y)
=
∫
p
1
i/p
[
1 − 1
2(µ˜)
(4π)2CF
{
1
ǫ
+ log
(
µ˜2
λ2
)
+
1
2
}]
eip·(x−y) (III.38)
in the dimensional reduction scheme. In the last line of Eq. (III.38), we have replaced 10 by 1(µ˜)
using Eq. (II.59), where µ˜ is the renormalization scale for the MS scheme. A conventional choice
for µ˜ is 2 GeV. Thus the quark field renormalization factor reads
Z
MS;DRED
ψ
= 1 +
12(µ˜)
(4π)2CF
1
ǫ
(III.39)
in the one-loop order of the dimensional reduction scheme.
The renormalization factors Z
MS;DRED
O±
for the four quark operatorsO± are evaluated considering
the 1PI vertex corrections to O±. Diagrams what we need to evaluate are given in Fig. 3. The
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contributions from the three diagrams are given by
(a) :
∫
ℓ
[(
ˆ
ψ1 γ
L
σγρV
a
µ ψˆ2
) (
ˆ
ψ3 γ
L
σγλV
b
ν ψˆ4
)
± {Fierz}
]
SFρ(ℓ)SFλ(−ℓ)Gabµν(ℓ; λ), (III.40)
(b) :
∫
ℓ
[(
ψˆ1 V
a
µ γργ
L
σ ψˆ2
) (
ψˆ3 γ
L
σγλV
b
ν ψˆ4
)
± {Fierz}
]
SFρ(ℓ)SFλ(ℓ)Gabµν(ℓ; λ), (III.41)
(c) :
∫
ℓ
[(
ψˆ1 V
a
µ γργ
L
σγλV
b
ν ψˆ2
) (
ψˆ3 γ
L
σ ψˆ4
)
± {Fierz}
]
SFρ(ℓ)SFλ(ℓ)Gabµν(ℓ; λ). (III.42)
We again use the Fierz rearrangement adopting the same evanescent operator defined byEq. (III.21).
We obtain
(a) : 41
2
0
(4π)2
(
T
dim(R) ∓ T
) {
1
ǫ
− γE + log
(
4π
λ2
)
+ 1
}
Oˆ±, (III.43)
(b) : −1
2
0
(4π)2
(
T
dim(R) ∓ T
) {
1
ǫ
− γE + log
(
4π
λ2
)
+ 1
}
Oˆ±, (III.44)
(c) : 1
2
0
(4π)2CF
{
1
ǫ
− γE + log
(
4π
λ2
)
+ 1
}
Oˆ±. (III.45)
Collecting them, we obtain the one-loop 1PI vertex correction
〈O±〉1PI =
[
1 + 2
12(µ˜)
(4π)2
(
3T
dim(R) ∓ 3T + CF
) {
1
ǫ
+ log
(
µ˜2
λ2
)
+ 1
}]
Oˆ±. (III.46)
The MS renormalization factor in the dimensional reduction scheme is extracted as
Z
MS;DRED
O±
= 1 − 21
2(µ˜)
(4π)2
(
3T
dim(R) ∓ 3T + CF
)
1
ǫ
. (III.47)
C. Matching coefficient for four quark operators O±
Combining the results of Eqs. (II.58), (III.35), (III.39), and (III.47) for ϕDRED(t), IGF± (t),
Z
MS;DRED
ψ
, and ZMS;DRED
O±
, we find that the matching coefficient for O± is given by
Z
GF→MS;DRED
O±
(t) =
Z
MS;DRED
O±
(1 + IGF± (t))
©­«
Z
MS;DRED
ψ
ϕDRED(t)
ª®¬
2
= 1 + 6
12(µ) − 12(µ˜)
(4π)2
(
T
dim(R) ∓ T
)
1
ǫ
(III.48)
+
12(µ)
(4π)2
{
6
(
T
dim(R) ∓ T
) (
log (2tµ2) + γE + 1
)
+ 2CF log 432
}
.
From Eq. (II.59), we have the tree-level running of the coupling constant,
µ
d
dµ
12(µ) = −2ǫ12(µ). (III.49)
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Integrating this equation, we obtain
12(µ) − 12(µ˜) =
[
1 −
(
µ˜2
µ2
)−ǫ ]
12(µ)
= ǫ log
(
µ˜2
µ2
)
12(µ) +O(ǫ2). (III.50)
We thus find that the one-loop matching coefficient for O±(t) is given by
Z
GF→MS;DRED
O±
(t) = 1 + 1
2(µ)
(4π)2
{
6
(
T
dim(R) ∓ T
) (
log (2t µ˜2) + γE + 1
)
+ 2CF log 432
}
,
(III.51)
where µ2 in the log of Eq. (III.48) is replaced by µ˜2 due to the contribution from 12(µ) − 12(µ˜).
With the matching coefficient ZGF→MS;DRED
O±
(t), we evaluate the MS renormalized four quark
operators OMS;DRED± in the dimensional reduction scheme from the corresponding lattice opera-
tors O˚±(t) at small flow-time t,
O
MS;DRED
± = lim
t→0
Z
GF→MS;DRED
O±
(t) O˚±(t). (III.52)
Note that the 1/ǫ UV divergences in Eqs. (II.58), (III.35), (III.39), and (III.47) cancel out with
each other in the combination of the matching coefficient Z
GF→MS;DRED
O±
(t). This is expected from
the finiteness of the matching coefficients in the SFtX method: Because both OMS;DRED± and O˚±(t)
are finite in the matching relation (III.52), Z
GF→MS;DRED
O±
(t) should also be finite. This is explicitly
confirmed by Eq. (III.51).
IV. QUARK BI-LINEAR OPERATORS
To calculate the kaon bag parameter, we also need the matching coefficient of the quark bi-linear
operator in the denominator of Eq. (I.1). In this study, we consider general bi-linear operators of
the form
ψ1 Γ ψ2 (IV.1)
with Γ = 1l, γ5, γµ, iγµγ5, and σµν. We assume that the flavors satisfy 1 , 2 to avoid a closed quark
loop within the operator. The calculations in the dimensional regularization scheme are similar to
those given in Sec. III. We thus just show the final results.
We find that, at small flow-time t, the one-loop 1PI vertex corrections for the bi-linear operators
are given by 〈
χ1(t) Γ χ2(t) − ψ1 Γ ψ2
〉
1PI
= IGFΓ (t)
(
ˆ
ψ1 Γ ψˆ2
)
(IV.2)
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with
IGFΓ (t) =

(−6)12(µ)(4π)2 CF
{
1
ǫ
+ γE + log(2tµ2) + 1
}
, Γ = 1l, γ5,
(−3)12(µ)(4π)2 CF
{
1
ǫ
+ γE + log(2tµ2) + 1
}
, Γ = γµ, iγµγ5,
(−2)12(µ)(4π)2 CF
{
1
ǫ
+ γE + log(2tµ2) + 1
}
, Γ = σµν,
(IV.3)
where we have replaced 10 by 1(µ) using Eq. (II.59). The evanescent operators we adopt are
defined by
EˆΓ =

0, Γ = 1l, γ5,
γµ − 4Dγµ, Γ = γµ,
iγµγ5 − i 4Dγµγ5, Γ = iγµγ5,
(D − 4)σµν, Γ = σµν .
(IV.4)
Corresponding results at t = 0 are given by〈
ψ1 Γ ψ2
〉
1PI
= I
MS;DRED
Γ
(
ˆ
ψ1 Γ ψˆ2
)
, (IV.5)
with
I
MS;DRED
Γ
=

1 + 4
12(µ˜)
(4π)2 CF
{
1
ǫ
+ log
(
µ˜2
λ2
)
+ 1
}
, Γ = 1l, γ5,
1 +
12(µ˜)
(4π)2 CF
{
1
ǫ
+ log
(
µ˜2
λ2
)
+ 1
}
, Γ = γµ, iγµγ5,
1, Γ = σµν,
(IV.6)
where we have replaced 10 by 1(µ˜) with setting the renormalization scale of the MS scheme to µ˜.
From the results of I
MS;DRED
Γ
, we obtain the MS renormalization factors,
Z
MS;DRED
Γ
=

1 − 412(µ˜)(4π)2 CF 1ǫ , Γ = 1l, γ5,
1 − 12(µ˜)(4π)2 CF 1ǫ , Γ = γµ, iγµγ5,
1, Γ = σµν .
(IV.7)
Combining these results as well as that for ϕDRED(t) given in Eq. (II.58), we obtain the matching
coefficients for the quark bi-linear operators ψ1Γψ2,
Z
GF→MS;DRED
Γ
(t) = Z
MS;DRED
Γ
(1 + IGF
Γ
(t))
Z
MS;DRED
ψ
ϕDRED(t)
=

1 +
12(µ)
(4π)2 CF
{
3γE + 3 log(2t µ˜2) + 3 + log(432)
}
, Γ = 1l, γ5,
1 +
12(µ)
(4π)2 CF {log(432)} , Γ = γµ, iγµγ5,
1 +
12(µ)
(4π)2 CF
{−γE − log(2t µ˜2) − 1 + log(432)} , Γ = σµν .
(IV.8)
We confirm that the 1/ǫ divergences in IGF
Γ
(t) etc. cancel out with each other in the combination
of the matching coefficient ZGF→MS;DRED
Γ
(t).
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V. SUMMARY AND OUTLOOK
In this paper we computed the matching coefficient Z
GF→MS;DRED
O±
(t) for four quark opera-
tors O± defined by Eq. (III.1), and ZGF→MS;DREDΓ (t) for quark bi-linear operators ψ1Γψ2 defined
by Eq. (IV.1), adopting the dimensional reduction scheme. Our results for the one-loop matching
coefficients are given by Eqs. (III.51) and (IV.8), respectively. Combining these results, we also
obtain the matching coefficient for the kaon bag parameter BK defined by Eq. (I.1),
Z
GF→MS;DRED
BK
(t) =
Z
GF→MS;DRED
O+
(t)(
Z
GF→MS;DRED
γµγ5 (t)
)2
= 1 +
12(µ)
(4π)2
−3N + 3
N
(
log (2t µ˜2) + γE + 1
)
, (V.1)
where N = 3 for QCD. We are planning to perform simulations to study the kaon bag parameter
by the SFtX method, adopting nonperturbatively O(a)-improved dynamical Wilson quarks [48].
These matching coefficients are important in evaluating the MS renormalized operators in the
dimensional reduction scheme at the renormalization scale µ˜, from corresponding lattice operators
measured at small flow-time t of the gradient flow. A conventional choice for µ˜ is 2 GeV. On the
other hand, we are free to choose the renormalization scale µ for the matching of MS and gradient
flow schemes, provided that the perturbative expansions are well converged. Some conventional
choices for µ are µd = 1/
√
8t [14] and µ0 ≡ 1/
√
2eγE t [32], which are natural scales for flowed
operators because the smearing range is ∼
√
8t by the gradient flow. In practice, however, because
the perturbative expansions are truncated, the quality of the results may be affected by the choice
of µ. Recently, we found that an optimal choice of µ can improve the reliability and applicability of
the SFtX method [33]. Such improvement may be important in evaluating complicated operators,
such as O± for the kaon bag parameter.
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